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We analyze the quantum trajectory dynamics of free fermions subject to non-unitary dephasing processes.
The non-unitary evolution can either be motivated by a ”monitored” open system dynamics, or by a continuous
non-unitary circuit evolution, each leading to a different set of trajectories. Despite each set yielding the same
trajectory averaged density matrix, governed by one Lindblad quantum master equation, we demonstrate sig-
nificant structural differences in their trajectory statistics. For weak dephasing, the difference remains marginal
and we observe subextensive entanglement growth, reminiscent of a critical phase with an emergent conformal
invariance. For strong dephasing, however, the dynamics either favors a transition into a quantum Zeno-like
area-law regime, or extends the logarithmic growth to arbitrarily strong dephasing rates. This shows that the
choice of the trajectory evolution can be essential for the existence of entanglement transitions, and enables the
study of unconventional entanglement dynamics in an elementary, physically realistic model for weak continu-
ous measurements.
Introduction. – Fingerprints of the competition between
unitary and non-unitary dynamics are found in almost all as-
pects of modern quantum science. The spectrum ranges from
radiative decay in driven two-level systems [1, 2] to dephas-
ing of trapped ions and cold atoms due to laser noise [3] or
phonon-induced dissipation in electronic devices and color
centers [4, 5]. Non-unitary processes crucially affect quantum
dynamics from single particles to the many-body realm.
One fascinating example are phase transitions in the entan-
glement entropy, which have been discovered in unitary cir-
cuit dynamics subject to local projective measurements [7–
12]. Focussing on the entanglement properties of individual
measurement trajectories |ψ(ξ)〉, where ξ(t) is a realization
of temporal randomness encountered in quantum mechani-
cal measurements, a transition from an entangling evolution
obeying a volume-law to a disentangled evolution governed
by an area-law as a function of the measurement rate has been
identified [13–19]. A characteristic trait of these transitions is
that they manifest themselves in state-dependent observables
Oˆ(ρ(ξ)), with ρ(ξ) = |ψ(ξ)〉〈ψ(ξ)|. For example, for the en-
tanglement entropy of a subsystem A, Oˆ(ρ(ξ)) = − log ρA(ξ),
where ρA(ξ) is the reduced density matrix on A – a highly
nonlinear function of the state ρ(ξ). Such entanglement tran-
sitions have been reported in a plethora of setups, including
non-unitary circuit models and chains of interacting bosons
subject to continuous measurements [20–24].
Here we focus on one of the most elementary models for
the competition between unitary and non-unitary dynamics,
free fermions on a periodic chain, subject to coherent hopping
and local, temporally random, and particle number conserving
dephasing dynamics [25–28]. This model can be simulated ef-
ficiently [26], allowing to investigate large system sizes, sim-
ilarly to the case of random Clifford circuits. In addition, it
is natural in terms of physical implementations: this scenario
arises, e.g., for ultracold fermions in optical lattices, which
experience incoherent light scattering [25, 29], or in Rydberg
atom arrays subject to phase noise in the driving laser [30, 31].
From a measurement theory point of view, the non-unitary de-
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Figure 1. (a) Free fermions hopping on a chain of length L subject
to continuous monitoring with dimensionless rate γ. (b) Schematic
“phase diagram” showing the different regimes of entanglement scal-
ing with L. (c) At small monitoring rate, a subextensive growth of
the entropy ∼ log(L) at sufficiently large L is reminiscent of a crit-
ical, conformally invariant phase. For small γ, L, extensive growth
∼ L is observed (inset), approaching a volume law as γ → 0. (d,e)
The effective central charge and residual entropy obtained by fitting
the data to Eq. (4). Depending on the trajectory evolution, the loga-
rithmic growth is either cut off at a critical monitoring rate and passes
into an area-law regime, or persists up to arbitrarily large γ. The in-
sets show the same data on a linear (d) and logarithmic (e) scale [6].
phasing evolution results from a continuous, weak measure-
ment of the local fermion particle number, caused for instance
by weak interactions with a monitored photon bath [32–35].
As a main result, we find that the way monitoring is per-
formed is essential for the qualitative properties of entangle-
ment entropy dynamics – in fact, this goes as far as detecting
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2or not a phase transition in the trajectory dynamics at finite
measurement rate. Central to this finding is whether proba-
bility is conserved exactly in the trajectory evolution, or only
on average. While exact probability conservation is automatic
in unitary dynamics, it may or may not be realized for non-
unitary protocols – even though the average conservation is
sufficient to guarantee a consistent open system quantum dy-
namics. In particular, all considered protocols collapse onto
the same Lindblad quantum master equation (QME). The dif-
ference surfaces however once state dependent observables
are considered: Amongst the trajectory evolutions considered
here, only non-unitary protocols with exact probability con-
servation exhibit an entanglement phase transition.
The entanglement phase diagram is displayed in Fig. 1. As
a function of γ/J, where γ is the dephasing rate and J de-
scribes the coherent hopping of fermions used to set the units
from here on (J = 1), three qualitatively different behaviors
of the entanglement entropy can be realized: A volume law
∼ L, a subextensive scaling ∼ log L, and an area law ∼ L0.
The intriguing subextensive behavior reminiscent of a confor-
mal field theory (CFT) has also been observed very recently
in a related free fermion model including spatio-temporal ran-
domness [24], and in measurement-only protocols [36]. As
in [24], we find that the volume law realized at γ = 0 is un-
stable against infinitesimal dephasing γ > 0. The opposite
limit γ−1 = 0 of local dephasing dynamics without entangling
operations is trivially characterized by an area law. Its stabil-
ity against small perturbations is more subtle: it only ensues
when probability is conserved exactly. In this case, a phase
transition from a critical logarithmic CFT scaling behavior
with γ dependent central charge, to an area law at a finite γc
(cf. Fig. 1) appears, similarly to [36], and accompanied by a
sudden drop of the central charge to zero. On the other hand,
this transition is absent, or pushed to infinity, for a non-unitary
protocol with average probability conservation.
Trajectory evolution. – We consider free fermions on a half-
filled periodic chain of length L, which is described by the
nearest-neighbor hopping Hamiltonian H =
∑
l c
†
l+1cl + c
†
l cl+1
with fermionic creation and annihilation operators c†l , cl . Due
to the weak measurements of the fermion density the time-
evolution of a fermion pure state |ψ({ξl,t})〉 follows a stochastic
trajectory, determined by a set of noise increments {ξl,t}. They
describe the random interactions of the local fermion density
with a (monitoring) environment ∼ iξl,tnl.
The three types of trajectory dynamics we consider are: (i)
the quantum state diffusion (QSD), which describes fermions
interacting with a bath of photons, which are continuously
monitored via homodyne detection [37, 38], (ii) the quantum
jump evolution (QJ), corresponding to the same bath but pho-
tons scattering off fermions are counted directly [34, 35, 39]
and (iii) a so-called ”raw” quantum state diffusion [33, 38, 40],
mimicking a non-unitary circuit evolution (QSDc).
The wave functions in the QSD and the QSDc trajectories
follow the evolution equation
d|ψ{ξl,t}〉 =
−iHdt + ∑
l
(
γ
2
Mˆ2l,tdt + ξl,tMˆl,t
) |ψ{ξl,t}〉, (1)
where Mˆl,t = nl − σ〈nl〉t and σ = 1 (σ = 0) for the QSD
(QSDc) case. The real-valued Gaussian noise ξl,t has zero
mean ξl,t = 0 and autocorrelations ξl,tξm,t′ = γdtδl,mδ(t − t′).
In the quantum jump trajectories, the evolution equation is
d|ψ{ξl,t}〉 =
−iHdt + ∑
l
ξl,t
(
nl√〈nl〉t
− 1
) |ψ{ξl,t}〉, (2)
for a state with conserved total particle number. For QJ the
noise is defined via ξ2l,t = ξl,t and ξl,t = γdt〈nl〉t, i.e. the ξl,t
are independently distributed according to P(ξl,t) = δξl,t ,1ξl,t +
δξl,t ,0(1 − ξl,t).
For each trajectory evolution, the statistical average over
the noise distribution P({ξl,t}) defines the density matrix
|ψ({ξl,t})〉〈ψ({ξl,t})| ≡
∫
D{ξl,t}P({ξl,t})|ψ({ξl,t})〉〈ψ({ξl,t})| = ρt.
For all three types of trajectories the density matrix evolution
is given by the deterministic QME with Markovian dephasing
∂tρ = −i[H, ρ] + γ
∑
l
(
2nlρnl − {n2l , ρ}
)
. (3)
Time-evolved correlations and entanglement. – The evolu-
tion equations, Eqs. (1), (2), are quadratic in the fermion oper-
ators and any initial Gaussian state |ψ0〉 thus remains Gaussian
under time evolution. Hence, the state |ψt〉 at time t may be
parametrized as
|ψt〉 =
N∏
l=1
 L∑
j=1
u j,l(t)c
†
j
 |0〉, with L∑
j=1
u∗j,m(t)u j,l(t) = αl,tδl,m,
where N is the number of fermions and
∏
l αl,t = 〈ψt |ψt〉 is the
norm of the state (αl,t = 1 for QSD and QJ). The correlation
matrix D(t, t′) defined by
Dl, j(t, t′) =
N∑
m=1
u j,m(t
′)u∗l,m(t)
N∏
l=1
1
αl,t
= 〈c†l,tc j,t′〉
contains all information on the fermion correlation functions.
The Gaussian structure of the state enables efficient numerical
simulation of Eqs. (1), (2), which is outlined in Refs. [26, 40].
For a chain of length L, the von Neumann entanglement
entropy S vN(l, L) for a subsystem A= [m1,m2] of length
l = |m1 − m2| is obtained from the eigenvalues {λ(A)j }
of the reduced equal-time correlation matrix D(A)(t, t) =
Di=m1,..,m2, j=m1,..,m2 (t, t) on A via [41, 42]
S vN(l, L) = −
l∑
j=1
λ(A)j log2 λ
(A)
j + (1 − λ(A)j ) log2(1 − λ(A)j ).
3The mutual information I(lA, lB) between two disjoint sub-
systems A= [m1,m2], B= [m3,m4] of length lA, lB is a useful
indicator for the location of the entanglement transition [18].
It is obtained via I(lA, lB) = S vN(lA, L) +S vN(lB, L)−S vN(A∪
B, L).
In addition to the entanglement entropy and mutual infor-
mation, we consider the square of the correlation functions
C(l, τ) ≡ |Dl+ j, j(t + τ, t)|2 = 〈nl+ j,t+τ〉〈n j,t〉 − 〈nl+ j,t+τn j,t〉,
which is the Fock (exchange) contribution to the density-
density correlation in a Gaussian state.
In what follows we initialize the system in a short range
correlated Ne´el state |ψ0〉 = |010101....01〉, and evolve the dif-
ferent types of trajectories according Eqs. (1), (2). The en-
tanglement entropy, mutual information and correlation func-
tions are computed for each individual trajectory after the evo-
lution has reached a steady state, γt  1 [40]. We denote
the statistical average of an observable O by O. For nonlin-
ear functions f (D) of the correlation matrix, f (D) , f (D)
in general and therefore S vN(l, L),I(lA, lB),C(l, τ) cannot be
obtained from the trajectory averaged correlation matrix D or
from the QME (3). Hence, different trajectory evolutions may
yield different results when the entanglement entropy or other
objects which are non-linear in D are considered.
Entropy growth and phase diagram. – For a bipartition of
the chain into two equal subsystems, the steady-state entan-
glement entropy S vN(L/2, L) shows three different dependen-
cies on the chain length L and the monitoring rate γ, as illus-
trated in Fig. 1(c) for the case of QSD evolution and in [40]
for QJ evolution. For the coherent time evolution at γ = 0, an
initial Ne´el state develops an extensive entanglement entropy
converging to a volume law [42]. This behavior transcends to
slow but non-zero monitoring, where one still observes an ex-
tensive entanglement growth S vN(L/2, L) ∼ L for L < Lc(γ)
smaller than a γ-dependent cutoff length.
Around L ∼ Lc(γ), the entanglement entropy smoothly
crosses over from an extensive to a subextensive growth
S (L) ∼ log L. For 0 < γ ≤ 0.25, this crossover is observed
for any sufficiently large system with size L > Lc(γ). For
γ → 0, Lc(γ) → ∞ diverges, following roughly a stretched
exponential Lc(γ) ∼ exp[−(γ0/γ)α] with α ≈ 0.6 [43]. The
asymptotic behavior of the entanglement entropy for L → ∞
is thus always logarithmic for small γ. In any finite-size sys-
tem, however, an extensive entanglement entropy is observed
once Lc(γ) exceeds the system size, e.g., for γ < 0.15 system
sizes L < Lc(0.15) ≈ 35 appear like having volume law, see
the inset of Fig. 1(c).
Logarithmic growth of the entanglement entropy is char-
acteristic for (1 + 1)-dimensional conformal field theories
(CFTs) [44, 45]. Here, the logarithmic dependence of the en-
tanglement entropy is similar to a CFT with periodic bound-
aries
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3
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Figure 2. (a) The entanglement entropy as a function of the bipar-
tition size l reveals a clear, asymptotic logarithmic growth for slow
monitoring and shows a transition to an area-law for faster monitor-
ing γ ≥ γc (inset). (b) Finite size scaling of the central charge c
for varying γ (marked) confirms the area law transition at non-zero
γ and locates it between γc = 0.3 and γc = 0.5. (c) The trajectory
statistics of the entropy reveal a structural difference between the cir-
cuit evolution and QSD when the latter is in the area law regime
(L = 200, 5000 trajectories per histogram).
but with a γ-dependent ”central charge” c(γ) and residual en-
tropy s0(γ), see Fig. 1 (d,e). In thermal equilibrium irrational
central charges are unconventional but are found, e.g., in dis-
ordered systems [46–48]. However, irrational central charges
appear to be characteristic for the critical point of nonequi-
librium transitions, including percolation [8, 49] and entan-
glement transitions both in random circuits and Hamiltonian
dynamics[8, 18, 23, 24, 36].
In the QSDc evolution the conformal scaling (4) is ob-
served for any non-zero monitoring and sufficiently large sys-
tem sizes L > Lc(γ). The central charge approaches itself
a scaling form c ∼ γ−θ with θ ≈ 0.7, see Fig. 1(d). This
is comparable to an extended conformal invariance in a non-
unitary circuit dynamics with disordered free fermions [22],
where it was attributed to the spatio-temporal randomness in
the combined unitary and non-unitary dynamics. Here, how-
ever, we show that the same phenomenon appears when the
unitary evolution is disorder free.
A main finding of our work is that this behavior changes
qualitatively in the QSD and QJ evolution. For stronger mon-
itoring, e.g., γ ≈ 0.4 for L = 800 in Fig. 1(d), the central
charge experiences a sudden, strong suppression as a function
of γ. For finite system sizes it approaches zero exponentially
fast in γ and vanishes above a critical value γc(L). The transi-
tion is evidenced clearly by several different observations (i)
a qualitative change in the entanglement entropy, showing no
subsystem-dependence for γ ≥ 0.6 in Fig. 2(a), (ii) the scaling
of the effective central charge with γ in Fig. 1(d), as well as
with the system size L in Fig. 2(b), which drops to zero for
γ > 0.5 and L → ∞, (iii) the zero-crossing of the residual
entropy s0(γ) at γ ≈ 0.5 in Fig. 1(e), which is required for
a well-defined, positive entanglement entropy when c → 0
4and (iv) qualitative changes of the mutual information and the
correlation function for γ ≥ 0.5 in Fig. 3.
The precise location of the transition, however, is hard to
determine and we estimate γc(∞) ∈ [0.3, 0.5] from the finite
size behavior in Fig. 2(b). For stronger monitoring γ ≥ γc, the
entanglement entropy follows an area law S vN(l, L) = s0(γ), as
shown in Fig. 2(a, inset) for L = 800. The cutoff approaches
the asymptotic value s0(γ → ∞) = 0. This shows a transition
from an extended, supposedly conformally invariant regime to
an area law phase for continuously monitored free fermions.
Our finding does not contradict earlier work on free fermions,
which ruled out a volume law phase at any non-zero monitor-
ing rate but not a subextensive scaling regime [26]
Deviating trajectory ensembles. – All three trajectory evo-
lutions, Eqs. (1), (2) yield qualitatively similar results for
small γ ≤ γc. This includes a subextensive entanglement en-
tropy ∼ log2 L for large enough system size and an extensive
growth for sufficiently small systems. Only the QSD and QJ
evolution exhibit, however, a transition towards an area law
phase at larger monitoring rates γ ≥ γc. The QSDc shows no
indication of an area law transition and the conformal invari-
ance is extended to arbitrary γ > 0. This is because for γ ≥ γc
the nonlinear moments of the correlation matrix start depend-
ing significantly on the trajectory evolution and the QSD and
QJ evolutions deviate from the QSDc evolution.
This deviation is well illustrated, e.g., by considering the
m-th moment of the norm N(m) ≡ 〈ψ|ψ〉m. According to
Eqs. (1), (2) one finds (i) ∂tN(m) = 0 for arbitrary m for the
QSD and QJ evolution but (ii) ∂tN(m) ∼ γm(m−1)LN(m) for
the QSDc evolution [40]. The conservation of all moments
N(m) reveals the exact probability conservation intrinsic to
the QSD and QJ evolutions. It is enforced by a stochastic
evolution, which evolves the state orthogonally to its Hilbert
space location [37, 38]. The QSDc evolution, however, adds
a stochastic component parallel to the state, which leads to
a different type of trajectories in Hilbert space. This con-
serves probability only on average, i.e., it conserves exclu-
sively N(m = 1).
We illustrate the difference between QSD and QSDc explic-
itly by comparing the entanglement entropy distribution for
both evolutions in Fig. 2(c). The bins in the histograms reflect
the probability for a given entanglement entropy. For weak
monitoring, when both types of evolutions predict conformal
invariance, both histograms show a distribution with similar
mean and variance and which is symmetric around its peak,
i.e., both evolutions sample a comparable set of trajectories.
The distribution for the QSDc trajectories remains of similar
shape for arbitrarily large monitoring rate and only acquires
a smaller mean and variance as γ is increased. The distribu-
tion of the QSD trajectories, however, undergoes a structural
change when it enters the area law phase. It approaches a
strongly asymmetric, bimodal distribution with its main peak
approaching zero. A second peak emerges and stays pinned
at S vn = 1, indicating a pronounced probability for a single
non-zero eigenvalue λ = 0.5 in Eq. (4). In this regime, both
distributions deviate structurally from each other, confirming
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Figure 3. The conformal invariance at weak monitoring is confirmed
(a) by a large, non-zero mutual information lA = lB = L/2, which
rapidly decays to zero in the area law regime and (b) by a scaling
collapse of the mutual information as a function of the cross ratio
η, i.e. I(η) ∼ η (L=400). (c) In the area law regime no collapse
is observed. (d) Equal time correlations C(l, 0) decay algebraically
∼ l−2 (exponentially) with the distance l in the conformally invari-
ant (area law) regime (L=800). The inset shows a data collapse for
different system sizes L = 200, 400, 600, 800 (axes range identical to
main plot) (e) C(0, τ) indicate a quantum-Zeno like evolution with
long autocorrelation times in the area law regime (L=400).
again that QSD and QSDc yield significantly different dynam-
ics for objects with a nonlinear state dependence.
Mutual information and correlation functions. – In order
to verify the extended regime of conformal invariance and an
area law transition at non-zero monitoring rate, we investigate
several additional indicators, (i) the behavior of the mutual
information I(lA, lB) between two disjoint intervals A, B, (ii)
the equal-time correlation functionC(l, 0) between two sites at
distance l and (iii) the local auto-correlation function C(0, τ).
The mutual information for two disjoint intervals lA = lB =
L/8, with centers at a distance rAB = L/2, is expected to show
a sharp peak at the critical point separating the area and the
volume law phase [18]. Inspecting I(lA = lB = L/8, rAB =
L/2) for different system sizes in Fig. 3(a) shows that it is
significantly larger than zero in the entire critical regime and
approaches zero rapidly in the area law phase, reflecting ex-
tended criticality. A similar peak is observed for the QJ evo-
lution [40].
For variable subsystem sizes, it is useful to define the cross
ratio η = m12m34m13m24 with mαβ = sin
(
pi|mα − mβ|/L
)
. In the confor-
mally invariant regime, the mutual information I(η) collapses
onto a single line for all η, with a linear increase ∼ η for small
cross ratios. The linear dependence in η also implies a power-
law decay of the mutual-information I ∼ r−2AB for small sub-
systems with large separation [18]. This is shown in Fig. 3(b).
5This collapse is a strong indication of conformal invariance
and can be observed throughout the entire logarithmic regime.
It can be contrasted with the behavior in the area law phase,
shown in Fig. 3(c), where no collapse is observed.
Also the equal-time correlation functions C(l, 0) quantita-
tively reflect the phase diagram in Fig. 1(b). Their trajectory
averages are displayed in Fig. 3(d) for different values of γ.
In the conformally invariant regime, i.e., for 0 < γ ≤ γc,
two distinct scaling forms are observed depending on whether
l is larger or smaller than Lc(γ). For l > Lc(γ), where the
entanglement entropy grows logarithmically, an algebraic de-
cay of the correlation function with the square of the distance
∼ [sin(pil/L)]−2 is observed. The collapse of the correlation
functions for variable system sizes in the inset of Fig. 3(d)
demonstrates that this ∼ [sin(pil/L)]−2 scaling is observed in
the thermodynamic limit L → ∞. On distances l < Lc(γ) the
correlations decay significantly slower, well approximated by
a ∼ l−1 decay. This can be rationalized with the assumption
that the extensive growth reflects an evolution in which sites
are entangled up to distances l ∼ Lc(γ).
When crossing the transition to the area law regime, the
correlations start to decay more rapidly with the distance l be-
tween different sites. In this regime, a heuristic fit C(l, 0) ∼
l−5 exp(−l/l0) yields an increased algebraic decay on short dis-
tances compared to the conformally invariant scenario. At
larger distances l > l0, the correlations drop to zero expo-
nentially, reflecting short-ranged correlations.
Further information on the dynamics can be inferred from
the autocorrelation functionC(0, τ). For unitary, free fermions
it is easy to show that they are given by the Bessel function
C(0, τ) ∼ J20(τ), describing damped oscillations with an en-
velope decaying as τ−1. While damping of the oscillations
increases with γ, the overall decay of the auto-correlations
slows down. When entering the area law regime, the oscilla-
tions become over-damped and the auto-correlation time is en-
hanced significantly, indicating a slowly evolving, quantum-
Zeno regime, see Fig. 3(e).
Discussion and conclusion. – A natural model of continu-
ously monitored, free fermions can realize an entanglement
phase transition if the monitoring protocol preserves proba-
bility exactly, which instead of interpolating between volume-
and area law behavior, connects a ’gapless’ phase with CFT-
like logarithmic scaling of the entanglement entropy, to an
area law. Beyond exhibiting all of the so far established phe-
nomenology of entanglement transitions, it manifests in the
probability distribution of entanglement entropy over trajec-
tories as a new figure of merit.
Our results open up intriguing lines for future research: The
simplicity of the model and the phenomenological connec-
tions to CFT and the Kosterlitz-Thouless scenario of an ex-
tensive critical regime, cut off at a critical dephasing rate γc,
spark the hope to understand the transition more deeply. Par-
ticular attention should be paid to the role played by particle
number conservation, which is a prerequisite for gapless be-
havior even in monitoring-averaged Lindblad dephasing dy-
namics [50]. Its realizability including the measurement pro-
tocol may play a decisive role in the observability of the es-
tablished phenomenology.
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Numerical implementation
Here, we provide details for the numerical implementa-
tion of the trajectory evolution described in the main text,
Eqs. (1), (2). For each individual trajectory, the state at time t
is a Gaussian state, which is parametrized by an L × N matrix
U(t) with elements ui j(t). It satisfies U†U = 1.
To simulate the quantum state diffusion we follow the Trot-
terization approach used in Ref. [26]. Evolving U a over time
step dt and neglecting corrections of order (dt)2 yields up to
an overall normalization
U(t + dt) = diag(eξ1,t+γσ(2〈n1〉t−1)dt, .. , eξN,t+γσ(2〈nN 〉t−1)dt)e−ihdtU,
where h is the hopping matrix, σ = 1 (QSD) or σ = 0
(QSDc) and the 〈nl〉t are computed from the correlation ma-
trix Dl,l(t, t). We then ensure that the columns of U are or-
thonormal by performing a QR decomposition U = QR and
redefining U = Q. The applied step size is dt = 0.05.
To simulate the quantum-jump evolution Eq. (2), we exploit
that particle number conservation enforces a constant jump
rate γN and apply the common jump evolution procedure de-
scribed [39]. (i) Determine the jump time τ = − log(r)/(γN)
by drawing a random number r uniformly from [0, 1]. (ii)
Evolve the time step t to t + τ via U(t + τ) = e−ihτU(t)
and choose a jump operator n j according to the probabilities
P(n j) = 〈n j〉t+τ/N. (iii) Apply the jump to the correlation ma-
trix D = U(t + τ)U†(t + τ) according to
Dlm →

1, l = m = j
0, l , m and (l = j or m = j)
Dlm − D jmDl j〈n j〉t , otherwise
.
(iv) Obtain the new U matrix by performing an SVD de-
composition D = USU† for a hermitian matrix D (note
S 11 = .. = S NN = 1, S N+1,N+1 = .. = S LL = 0).
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Figure 4. (a) Time dependence of the trajectory average
entanglement-entropy for an equal bi-partition of a system of size
L = 800, in the QSD evolution. (b,c) Observables for the QJ evolu-
tion (Eq. (2)) for L = 200. (b) The entanglement entropy as a func-
tion of the subsystem size l for different monitoring rates (marked
on the figure). The inset shows the effective central charge as a
function of γ. (c) The mutual-information of two subsystems with
lengths lA = lB = L/8, with distance rA,B = L/2 between their
centers. (d) Mutual information of two subsystems with lengths
lA = lB = L/8 and relative distance rAB = L/2 from the QSDc evo-
lution for L = 400. The mutual information I exhibits a power-law
decay with increasing γ over the full parameter range and never drops
to zero as sharply as in QSD or QJ.
Quantum jump results
Here we provide results for the QJ evolution, which are dis-
cussed in the main text but not displayed in the figures for
clarity. The entanglement entropy, Fig. 4(a), and the mutual
information, Fig. 4(b), in the QJ evolution are qualitatively
comparable to the entanglement entropy obtained from QSD
in Fig. 2(a). Both confirm an extended critical regime where
IA,B(rAB = L/2) is non-zero and the entanglement entropy
grows logarithmically with system size for weak monitoring
(γ ≤ 1 for L = 200). At stronger monitoring, both observables
indicate an area-law regime where the mutual-information
drops to zero. In general we observe that the boundary be-
tween critical and area-law behavior seems to be shifted to
larger γ for the QJ evolution for any system size L. However,
this contrasts clearly the absence of an area law phase in the
QSDc evolution, as indicated by the non-vanishing mutual in-
formation in Fig. 4 (d).
Higher moment evolution
Observables, which depend on higher moments of the state
|ψt〉〈ψt | may strongly depend on the specific trajectory evolu-
tion. An example is the entanglement entropy in the main text.
Here we illustrate this with a simple analytical example, the
m-th moment of the norm 〈ψt |ψt〉m. We start with the QSD
evolution (1) and, for simplicity, a single, hermitian Lindblad
operator Mˆ. The scaling ξt ∼
√
dt requires that infinitesimal
changes are taken into account up to order d2. Up to this order,
the infinitesimal change is
d〈ψt |ψt〉m = m〈ψt |ψt〉m−1(〈ψt |dψt〉 + 〈dψt |ψt〉 + 〈dψt |dψt〉)
+m(m − 1)〈ψt |ψt〉m−2 (〈dψt |ψt〉 + 〈ψt |dψt〉)2 . (5)
The Hamiltonian evolution cancels out and expanding again
up to order dt one finds
d〈ψt |ψt〉m = m〈ψt |ψt〉m−1
[
(ξ2 − γdt)〈ψt |Mˆ2|ψt〉 + ξ〈ψt |Mˆ|ψt〉
]
+2m(m − 1)〈ψt |ψt〉m−2ξ2〈ψt |Mˆ|ψt〉2. (6)
The trajectory average thus yields
d〈ψt |ψt〉m = 2γm(m − 1)〈ψt |ψt〉m〈Mˆ〉2t dt, (7)
where 〈Mˆ〉t = 〈ψt |Mˆ|ψt〉/〈ψt |ψt〉. For the first moment, m = 1,
the term on the right always vanishes, enforcing that the tra-
jectory averaged norm is constant. Higher moments, however,
do generally not vanish and their evolution depends on the
operator Mˆ. For QSDc, Mˆ = n is the particle number opera-
tor, and one observes in general an exponential growth of the
higher moments with an approximate rate 2γm(m−1)〈n〉2. For
QSD, however, Mˆ = n − 〈n〉t such that 〈Mˆ〉t = 0 for any state
and thus any moment m of the norm remains constant over
time.
The norms in the QJ evolution are more involved because
here ξ2 = ξ ∼ dt and thus arbitrarily high powers in ξ con-
tribute to the evolution of 〈ψt |ψt〉m. We restrict ourselves to
m = 1, 2 and again use the operator shortcut Mˆ =
(
n√〈n〉 − 1
)
.
This yields
d〈ψt |ψt〉 = ξ〈ψt |Mˆ2 + 2Mˆ|ψt〉 = 0, (8)
d〈ψt |ψt〉2 = ξ〈ψt |ψt〉
[
〈Mˆ〉2 + 4〈Mˆ〉〈Mˆ2〉 + 〈Mˆ2〉2
]
= 0. (9)
Here, only the property ξ2 = ξ was exploited and no trajectory
average was required to show that the evolution is constant for
this type of jump operator.
This example can be easily generalized to multiple jump
operators Mˆ and demonstrates that in QSD and QJ trajectories
all higher moments of the norm remain constant over time up
to order dt2 and an initially normalized state remains normal-
ized. For QSDc on the other hand, higher moments m > 1
grow roughly exponentially in time, demonstrating that only
the average norm of the state is conserved while its variance
is blowing up.
We emphasize that the difference between the different tra-
jectory evolutions is not just a matter of normalization: the ad-
ditional parallel evolution in QSDc yields trajectories, which
7explore are different Hilbert space than the trajectories from
QSD and QJ. This difference is not resolved by an adhoc nor-
malization of the state after each numerical time step [37].
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